Abstract. We prove that for every integer r ≥ 2, an n-vertex k-uniform hypergraph H containing no r-regular subgraphs has at most (1+o (1)) n−1 k−1 edges if k ≥ r +1 and n is sufficiently large. Moreover, if r ∈ {3, 4}, r | k and k, n are both sufficiently large, then the maximum number of edges in an n-vertex k-uniform hypergraph containing no r-regular subgraphs is exactly
Introduction
What are the graphs containing no r-regular subgraphs? For r = 2, the answer is easy, they are forests. However, the question becomes much harder when r is larger than two. Complete characterizations of graphs with no r-regular subgraphs seem impossible even for the case r = 3. So it is natural to ask how many edges can a graph with no r-regular subgraphs have. Pyber [12] showed that there exists a constant c r such that all n-vertex graphs with at least c r n log(n) edges have an r-regular subgraph. On the other hand, Pyber, Rödl and Szemerédi [13] proved that there exists a graph with Ω(n log log n) edges having no r-regular subgraphs for any r ≥ 3. The gap between the two bounds still remains open.
It is also natural to consider the same question for hypergraphs, both uniform and nonuniform hypergraphs. Mubayi and Verstraëte [10] proved that for every even integer k ≥ 4, there exists n k such that for n ≥ n k , each n-vertex k-uniform hypergraph H with no 2-regular subgraphs has at most n−1 k−1 edges, and equality holds if and only if H is a full k-star, that is, a k-uniform hypergraph consists of all possible edges of size k containing a given vertex. For non-uniform hypergraphs, it is easy to see that an n-vertex hypergraph H with no r-regular subgraphs has at most 2 n−1 + r − 2 edges. One example for the equality is a full star, that is a hypergraph consisting of all possible edges containing a given vertex, with additional r − 2 smallest edges not containing the given vertex. The author and Kostochka [8] proved that if n ≥ 425 and n > r, hypergraph with no r-regular subgraphs contains 2 n−1 + r − 2 edges only if H is a full star with r − 2 additional edges. Also similar question can be considered for linear hypergraphs. Dellamonica et al. [3] showed that the maximum number of edges in a linear 3-uniform hypergraph with no two-regular subgraphs is at least cn log n and at most Cn 3/2 (log(n)) 5 for some constant c, C. They asked whether every linear 3-uniform hypergraph with no 3-regular subgraphs has at most o(n 2 ) edges. In Section 6, we confirm that this is true.
In this paper, we consider k-uniform hypergraphs with no r-regular subgraphs. The two main results of this paper are the following two theorems. Theorem 1.1. Let k, r be two integers with r ≥ 2, k ≥ r + 1. Then there exists n k such that for n > n k any n-vertex k-uniform hypergraph H with no r-regular subgraph has at most n−1 k−1 edges. Theorem 1.2. Let k, r be two integers with r ∈ {3, 4}, k ≥ 2r r+2 e r and r divides k. Then there exists n k such that for n > n k any n-vertex k-uniform hypergraph H with no r-regular subgraphs has at most n−1 k−1 edges. Moreover, the equality holds if and only if H is a full-k-star.
Our proofs of theorems develop ideas in [10] . In Section 3 and 4, we prove Theorem 3.1 and Theorem 4.1 which together implies Theorem 1.1. In Section 5, we prove Theorem 1.2. In Section 6, we show some examples which somewhat explain necessity of each conditions in each theorem and we also pose some further questions.
Preliminaries
We say H has an r-regular subgraph if there exists a collection of edges in E(H) which all together cover each vertex in a nonempty set exactly r-times and no other vertices. We write V (H) and E(H) for the set of vertices and the set of edges in a hypergraph H, respectively. We denote the size of H by |H| := |E(H)|. Also log denotes log 2 and s-set denotes a set of size s. First, we introduce the following simple observation which we use several times in the paper.
Observation 2.1. For t > 1 and n ≥ 2k, if an n-vertex k-uniform hypergraph H has at least t n−1 k−1 edges, then H contains a matching of size max{2, ⌈ t k ⌉}.
Proof.
If t ≤ 2k, it is obvious by Erdős-Ko-Rado theorem. Assume t > 2k. We greedily choose disjoint edges from H. If we choose ℓ < ⌈ t k ⌉ disjoint edges, the number of edges intersect at least one of them is at most ℓk n−1 k−1 < t n−1 k−1 . Thus we can choose additional edge disjoint from all previous ones. We can do this until we get ⌈ t k ⌉ disjoint edges. Now we introduce the notion of sunflower. Erdős and Rado [6] introduced the following notion of sunflower in connection with some problems in Number Theory. It is also called a ∆-system. Definition 2.2. A family of p sets is a p-sunflower if the intersections of any two sets in the family are all the same. Let q(k, p) be the least integer q such that every k-uniform family of q sets contains a p-sunflower.
They also showed that q(k, p) exists. It means that if a k-uniform hypergraph has no psunflower, then the number of edges in the hypergraph is bounded by q(k, p). In particular, they proved the following.
They also conjectured that q(k, p) ≤ c k p for some constant c p . Abbott, Hanson, and Sauer [1] and later Füredi and Kahn (see [5] ) improved the upper bound of Theorem 2.3. The most recent result on the topic is the following result by Kostochka.
Theorem 2.4 (Kostochka [9] ). For p ≥ 3 and α > 1, there exists
Essentially, Theorem 2.4 implies that there exists a constant c(p) such that q(k, p) ≤
for k at least c(p). By using Theorem 2.4, we prove the following lemma which is a variation of Lemma 1 in [10] .
Lemma 2.5. There exsits a constant c(r) such that the following holds. Let k, r be integers and H be a k-uniform hypergraph on n vertices containing no r-regular subgraphs with maximum degree
, and suppose |H| > c(r)k∆ and
(log log m)
for a contradiction. This implies that
Now we count matchings of size m in H. We may greedily pick dijsjoint edges e 1 , e 2 , · · · , e m so that in each step we exclude all edges intersecting previously chosen edges. Then we exclude at most k∆ more edges in each step. Thus we conclude that the number of matchings of size m in H is at least
Because the number of mk-sets in V (H) is n mk , (2.1) and (2.2) together assert that there are at least
covering the same set M of size mk. Consider the following auxiliary hypergraph H with
Note that a vertex in H is an edge in H, and an edge in H is a matching of size m in H. By Theorem 2.4 there are at least r distinct matchings We also use the following theorem by Pikhurko and Verstraëte in several places. Theorem 2.6.
[11] For k ≥ 3, if H is an n-vertex k-uniform hypergraph with at least 7 4 n−1 k−1 edges, then H contains two pairs of sets {A, B}, {C, D} so that
Now we introduce new hypergraphs H(k, ℓ), and H ′ (k, ℓ) which will be useful proving several claims later.
{A, B} is an equipartition of X. We define H(k, ℓ) be the 2k-vertex k-uniform hypergraph satisfying the following,
We call each of A and B a stationary part, and vertices in them stationary vertices. Also we call vertices in Y dynamic vertices.
{A, B} and {C, D} are two distinct equipartitions of X. We define H ′ (k, ℓ) be the 2k-vertex kuniform hypergraph satisfying the following,
We call each of A, B, C and D a stationary part, and vertices in them stationary vertices. Also we call vertices in Y dynamic vertices.
Indeed, H(k, ℓ) is a k-uniform hypergraph which resembles the complete (ℓ+1)-partite (ℓ+1)-uniform hypergraph with all parts size two. Because of the resemblance, its Turan number is related to the Turan number of (ℓ + 1)-partite (ℓ + 1)-graph. The lemma below is proved by Erdős, and we use it to find the Turan number of H(k, ℓ).
Proposition 2.10. Let k, ℓ be integers with k > ℓ. Then for n > 2k, any k-uniform hypergraph H with 2n k−2 −ℓ edges contains a copy of H(k, ℓ) as a subgraph. Moreover, if k ≥ ℓ + 3, then it also contains a copy of H ′ (k, ℓ).
Proof. We use induction on ℓ. For ℓ = 0, assume we have an n-vertex k-uniform hypergraph H with 2n k−1 edges. By Observation 2.1 and the fact n k−1 > n−1 k−1 , we get H(k, 0) which is a matching of size two for any k. If k ≥ 3 and ℓ = 0, then Theorem 2.6 implies that H contains H ′ (k, ℓ), which consists of two pairs of disjoint edges with the same union.
For k = 2, ℓ = 1, Turan number for the cycle of length 4 gives us the conclusion about H(k, ℓ). Assume now that every n-vertex k-uniform hypergraph with 2n k−2 −ℓ+1 edges contains a copy of H(k, ℓ − 1) for n > 2(k − 1) and k ≥ 3, ℓ ≥ 1. If an n-vertex k-uniform hypergraph H with n > 2k contains at least 2n k−2 −ℓ edges, we let x 1 , x 2 , · · · , x n be the vertices of H and
we may apply Lemma 2.9 with
By induction hypothesis,
. Thus H must contain a copy of H(k, l). We get the conclusion for H ′ (k, ℓ) in the same logic.
Since H(k, ℓ) contains 2 ℓ distinct matchings of size 2 covering the same ground set, if a hypergraph contains a copy of H(k, ℓ), then it contains an r-regular subgraphs for all 1 ≤ r ≤ 2 ℓ . Also, H ′ (k, ℓ) contains an r-regular subgraphs for all 1 ≤ r ≤ 2 ℓ+1 .
Approximate size of H
In this section, we prove the following Theorem 3.1 by showing that most of the edges in H contain only one vertex of high degree. Note that we only consider the case when r ≥ 3 because the case of r = 2 is already done in [10] . We let ℓ := ⌈log r⌉, 0 < α ≤ 1 2 be a number which we decide later, and D := n k−1−α (log log n) 1 4(k−1) . We let T denote the set of vertices of H of degree at least D and set t := |T |. Since tD ≤ k|H|,
We also define H i := {e ∈ H : |e∩T | = i} for i ≤ k, and G := {e ∈ H 1 : ∄f ∈ H 1 : e\T = f \T }. Then, it is obvious that |G| ≤ n−1 k−1 . Note that r + 1 is always at least 2 ℓ−1 + 2.
Theorem 3.1. Let H be an n-vertex k-uniform hypergraph with no r-regular subgraph with
(log log n)
Proof. First we suppose the conclusion does not hold. We may assume we have a counterexample H such that |H| is equal to the stated upper bound by deleting some edges if necessary.
Also, log log n > k 10k and (3.1) implies t ≤ D −1 k|H| ≤ kn α (log log n)
Proof. First, we estimate |H 0 |. Since edges in H 0 does not intersect T , the maximum degree of H 0 is less than D. We apply Lemma 2.5 to H 0 , then we get either
By the definition of G, every edge in
, then the copy together with u, u ′ form a copy of H ′ (k, ℓ − 1) in H, which gives us an r-regular subgraph of H. Thus Proposition 2.10 and the fact that
, we conclude
and we conclude
, D := n k−1−α and go through the argument above. Then we can conclude |H \ G| ≤ 4k 2 n k−1− 1 2 ℓ−1 (3·2 ℓ +5) for any n-vertex kuniform hypergraph H with no r-regular subgraph when n > c(r) k 2 k 100k . In order to get Theorem 4.1, we assume α :=
, D := n k−1−α , ℓ := ⌈log r⌉ throughout the paper.
Asymptotic structure of H
In this section, we want to show that the asymptotic structure of H is close to a full-k-star. We let G be as we define in the previous section, and α, ℓ, D be as in Remark 3.4. We also define G ′ := {e \ T : e ∈ G}, G x := {e \ {x} : x ∈ e, e ∈ G}.
In order to prove Theorem 4.1, we count the copies of H(k − 1, ℓ + 1) in G ′ and show that there exists a vertex v such that almost all copies of
Theorem 4.1. Let H be an n-vertex k-uniform hypergraph with no r-regular subgraph with
We take a k-uniform hypergraph H with no r-regular subgraphs satisfying |H| ≥ n−1
. Then by Remark 3.4, we know
We pick v such that
For a contradiction, we assume
For a hypergraph F , we define P (F ) to be the set of copies of H(k − 1, ℓ + 1) in F .
Let P 0 (G ′ ) be the set of copies of H(k − 1, ℓ + 1) so that the copy does not contain a pair {f 1 , f 2 } in R ′ (G ′ ) in the way that all vertices in f 1 ∩ f 2 are dynamic vertices in the copy of H(k − 1, ℓ + 1). Let P 1 (G ′ ) be the set of copies of H(k − 1, ℓ + 1) so that the copy contains at least one pair
in the way that all vertices in f 1 ∩ f 2 are dynamic vertices of the copy of
To count the number of copies of H(k−1, ℓ+1) in K, we choose two disjoint (k − 1)-sets, and choose ℓ + 1 vertices from one part and match them with other l vertices on the other part. In this manner, one copy of H(k − 1, ℓ + 1) is counted exactly 2 ℓ+1 times which is the number of pairs in H(k − 1, ℓ + 1). Thus we get
Thus (4.1) implies
Firs we show an lower bound on |P (G ′ )|.
Then there are at most
containing both e, e ′ . By (4.3) and the fact that
Now we estimate |P (G ′ )| to show a contradiction.
First, we count the number of pairs in R ′ i (G ′ ) with i ∈ {ℓ, ℓ + 1}. We take two disjoint (k − 1 − i)-sets e 1 , e 2 , and two distinct vertices x, y ∈ T . Let p(e 1 , e 2 , x, y) be the collection of i-sets h so that f 1 = e 1 ∪ h, f 2 = e 2 ∪ h and g(f 1 ) = x, g(f 2 ) = y. If p(e 1 , e 2 , x, y) contains a copy of H(i, ℓ − 1), then it contains 2 ℓ ≥ r distinct matchings of size two covering the same ground set giving an r-regular subgraph, a contradiction. Thus p(e 1 , e 2 , x, y) does not contain H(i, ℓ − 1), so it has at most 2n 
For each pair in R ′ i (G ′ ), we can complete a copy of H(k−1, ℓ+1) by adding i more vertices from outside and choosing ℓ+1−i vertices each from e 1 , e 2 to play a role of dynamic vertices and match those dynamic vertices. Thus each pair in R ′ i (G ′ ) is contained in at most (ℓ + 1)!
copies of H(k − 1, ℓ + 1). Thus,
Before we estimate |P 0 (G ′ )|, we prove the following claim.
Proof. We consider a graph G H ′ such that
Let A, B be two stationary parts in H ′ . Consider two (k − 1)-sets f 1 , f 2 in H ′ such that |f 1 \ f 2 | = |f 1 \ f 2 | = 1 and both f 1 , f 2 contains A, and f 1 \ f 2 = {x}. We consider an edge e ∈ H ′ such that e = (f 1 \ A) ∪ B. Then, e does not share any stationary vertices with f 1 or f 2 , |f 1 ∩ e| = ℓ + 1, and |f 2 ∩ e| = ℓ. Thus e is adjacent to both f 1 and f 2 in G H ′ . So all (k − 1)-sets in H ′ containing A are in the same component in G H ′ , all f s containing B are in the same component in G H ′ by the same logic. Also there are edges between an f 1 and e, so G H ′ is connected. On the other hand, if two (k − 1)-sets
because of the definition of P 0 (G ′ ). This fact and connectedness of G H ′ together imply that there exists a x ∈ T such that every edge in H ′ belongs to G x .
To count the number of copies of H(k − 1, ℓ + 1), we choose two disjoint (k − 1)-sets e, e ′ with g(e) = g(e ′ ), and choose ℓ + 1 elements from one and match them with ℓ + 1 vertices in the other side. This can be done in 
By convexity, the right side of (4.4) is maximized when |G v | = (1 − β)|G ′ | and |G u | = β|G ′ | for another vertex u ∈ T and |G x | = 0 for other x. And
Becuase of (4.2) and the fact
In total,
However, it contradicts to Claim 4.2. Therefore, we conclude 
Proof of Theorem 1.2
In this section, we prove Theorem 1.2. We assume r ∈ {3, 4}, k = k ′ r, n ≥ c(r) k 2 k 100k 2 and k ′ ≥ 2r r+1 e r . If an n-vertex k-uniform hypergraph H with no r-regular subgraphs contains at least 1 , e ′ 2 , · · · , e ′ r } is a partition of e ∈ H * into r sets of size k ′ and g ⊂ V (G) − {v} − e is a (k ′ − 1)-set, then there exists j such that (e \ e ′ j ) ∪ g ∪ {v} is not an edge of H.
Proof. Suppose not. Then e, (e \ e ′ 1 ) ∪ g ∪ {v}, (e \ e ′ 2 ) ∪ g ∪ {v}, · · · , (e \ e r ) ∪ g ∪ {v} together form an r-regular subgraph, a contradiction. Thus there is a choice j such that (e \ e ′ j ) ∪ g ∪ {v} is not an edge of H.
Here is a brief description of what we do in this section. By the Observation 5.1, if H * is not empty, every edge in H * guarantees many non-edges containing v, so there must be many non-edges containing v in terms of |H * |. However, the number of non-edges containing v is same with |H * | since |H| = n−1 k−1 , so it cannot be too big in terms of H * . So, we count the pairs of {e, f } with e ∈ H * and an non-edge f containing v with certain properties, which we define later as wedges, to derive a contradiction.
. For an i-set e in V (H) not containing v, we define d ′ i (e), i-deficiency of e, which is the number of non-edges of H containing both e and v,
Proof. Let F be the family of i-sets in V (H v ) whose i-deficiency is at most s i , and let F be the rest of the i-sets in V (H v ).
The last inequality holds since n > k 4 . By Observation 2.1, F has a matching of size at least 2k ≥ k + r, and edges in the matching are what we want.
From Claim 5.2, we take e
By claim 5.2, |W | < ⌈(k + r + 1)s k−r−1 ⌉. We may assume |W | = ⌈(k + r + 1)s k−r−1 ⌉ by adding more elements. Define G 0 := {e ∈ H * : e contains at least r disjoint r-sets not in W}.
n−1 r 2 −r−1 + (k + r 2 − r + 1)s k−r 2 +r−1 ).
Proof.
If e ∈ G 1 , then it must contain an (k − r 2 + r)-set A such that all r-sets contained in A are in W . Since this A is covered by at least one choice of disjoint matching of r-sets in W with size k ′ − r + 1, the number of possible A is at most |W | k ′ −r+1 .
Consider such a (k − r 2 + r)-set A. Assume there are distinct (
For each of e k−r 2 +r−1 1
we obtain from Claim 5.2, we delete all (r 2 − r)-sets f , we delete at most (k + r 2 − r + 1)s k−r 2 +r−1 sets. Thus we still have at least
} is a collection of disjoint sets, and
, and e intersect at most k of those. So there must be at least one e k−r 2 +r−1 q which does not intersect any of A, Z 1 , Z 2 , Z 3 and Z 4 . Then for i = 1, 2, 3, 4, {v} ∪ e k−r 2 +r−1 q ∪ Z i is an edge in H since Z i is not deleted in the process. Thus
gives us a 4-regular subgraph of H since A and Z i for i = 1, 2, 3, 4 are not intersecting any of e k−r 2 +r−1 q . Also removing A ∪ Z 1 , {v} ∪ e k−r 2 +r−1 q ∪ Z 2 gives us an 3-regular subgraph. Thus, we get a contradiction. Therefore m < 7 4 n−1 r 2 −r−1 + (k + r 2 − r + 1)s k−r 2 +r−1 . Hence
n−1 r 2 −r−1 + (k + r 2 − r + 1)s k−r 2 +r−1 ) and we get the conclusion.
. By Claim 5.3, we have
CASE 1.
It is a contradiction since |H * | ≤ βn k−1 . CASE 2. n (k−r−1)(k ′ −r+1)+k−r 2 +r−1 . This implies
It is bigger than βn k−1 because k ′ − r + 1 > 2 ℓ−1 (3 · 2 ℓ + 5), and it is a contradiction. Thus in any case we get
To derive a contradiction, we define wedge and count the wedges in H.
Definition 5.5. A pair of k-sets {e, f } is a wedge if if it satisfies the following:
(1) v / ∈ e ∈ H and e contains at least r disjoint r-sets not in W ; (2) v ∈ f / ∈ H and |f | = k; (3) |e ∩ f | = k − k ′ ; (4) e − f have at least one r-set outside W , and e ∩ f contains at least r − 1 disjoint r-sets outside W .
Let Λ(H) denote the number of wedges in H. Now we fix e ∈ H as in (1) above. Since |e \ W | ≥ r, in e there r disjoint r-sets not in W .
Claim 5.6.
What happens if r is big or r ∤ k?
In the same spirit as Theorem 1.2, we propose the following conjecture.
Conjecture 6.1. For r, there exists k r , n k such that for all k > k r , and n > n k , and r | k, if H is a k-uniform hypergraph with no r-regular subgraph, then |H| ≤ n − 1 k − 1 and equality holds if and only if H is a full-k-star.
The proof of Theorem 1.2 does not extend for the case r > 4 because the author does not know how to generalize Theorem 2.6 for more pairs of disjoint edges. However, if the following conjecture is true, then we can prove Conjecture 6.1.
Conjecture 6.2. For every positive integer r, there exists k r , n k and g(r) with the following holds. For k ≥ k r , n ≥ n k , an n-vertex k-uniform hypergraph H contains more than
Note that this conjecture is known to be true for r = 1, 2. For r = 1, it's Erdős-Ko-Rado Theorem, and when r = 2 that Füredi [7] proved k 2 = 3, g(2) ≤ 7 2 and later Pikhurko and Verstraëte [11] improved it to g(2) ≤ The author believe that full-k-star might be the only extremal example even when k ≥ 2r and r | k. However if r = k then the extremal example is no longer only full-k-stars. Also, if r > k, then |H| can be bigger than n−1 k−1 . It is straightforward to check the following example. Example 6.3. Take an n-vertex full-k-star H. We take a non-edge e of H, and and edge e ′ of H such that |e ∩ e ′ | = k − 1. Then H \ {e ′ } ∪ {e} does not have r-regular subgraph when r = k, and H ∪ {e} does not have r-regular subgraph when r = k + 1.
As the example, if r is bigger than k, even r = k + 1 does not implies |H| ≤ 
Proof.
Suppose H contains an r-regular subgraph R, then R must cover some vertices in {x 1 , x 2 , · · · , x c }. Assume it covers {x 1 , x 2 , · · · , x c ′ }. Since it must cover those vertices exactly r-times, |R| = c ′ r. Then V (R) = where the maximum is taken over all n-vertex k-uniform hypergraphs with no r-regular subraphs.
Now we consider the case where r does not divide k while k is bigger than r. In [10] , Mubayi and Verstraëte conjectured the following.
Conjecture 6.6.
[10] For every integer k with 2 ∤ k, there exists an integer n k such that for n ≥ n k , if H is an n-vertex k-uniform hypergraph with no 2-regular subgraph then |H| ≤ n−1 k−1 + ⌊ n−1 k ⌋. Equality holds if and only if H is a full-k-star together with a maximal matching disjoint from the full-k-star.
In the same spirit, we may add more edges to full-k-star when r ≥ 3, r < k, r ∤ k. In order to construct an example, we need the following concept.
In 1973, Brown, Erdős and Sós [2] , proposed a study for a new parameter, f k (n, a, b), the largest number of edges in an k-uniform hypergraph on n vertices that contains no b edges spanned by a vertices. Determining f k (n, a, b) for general (k, a, b) is very difficult. Note that finding value of f 3 (n, 6, 3) is known as the famous (6, 3)-problem. In [2] , they showed the following. E(H k,r ) = {e ∈ V (H) k : x ∈ e} ∪ {e ∪ {y} : e ∈ E(H ′ )}.
Then H k,r contains at least n−1 k−1 + c k,r n r ′ −2 r ′ −1 (k−1) edges, and H k,r contains no r-regular subgraphs.
Assume that H k,r contains an r-regular subgraph R. Let H x be the full-k-star in H k,r and H * be the hypergraph consisting edges not containing x. Since both H x and H * are subgraph of two distinct full-k-star, each of them does not contain any r-regular subgraph. Thus R must intersect both H x and H * , thus R must cover both x and y. Since R covers x exactly r times, |R| = |R ∩ H x | + |R ∩ H * | = r + |R ∩ H * | ≥ r + 1.
However, because R induces an r-regular subgraph r|V (R)| = k|R| = kr + k|R ∩ H * |.
